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ABSTRACT. In this paper we build bridges between moduli theory of sheaf stable pairs on
one hand and birational geometry on the other hand. We will in particular treat moduli of
sheaf stable pairs on smooth projective curves in detail and present some calculations in
low degrees. We will also outline problems in various directions.
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We work over an algebraically closed field &k of characteristic 0.

1. INTRODUCTION

Given an algebraic variety, the Quot-schemes parameterise flat families of quotient sheaves
with fixed numerical characteristics, for instance Hilbert polynomial on that variety. Hilbert
and Quot schemes owe their construction to Grothendieck in [Gro61]|, and later they got
further developed following results of Mumford, Altman and Kleiman. Here is a short review:

Let X be a reduced connected projective scheme over k, equipped with a very ample line
bundle Ox (1), and let P € Q[t] be a numerical polynomial with rational coefficients. As
the family of semi-stable coherent sheaves on X with Hilbert polynomial P is bounded (e.g.
[HL10, Theorem 3.3.7, p. 78]), there is m € N, such that any such sheaf F is m-regular
([Kle71, Theorem 1.13, p. 623]). From m-regularity of F it follows that for all i > 0, the
sheaf F(i + m) is globally generated and

HY(X,0x(i)) ® H'(X, F(m)) — H*(X,F(i +m))) (1.1)

is surjective ([Mum66, p. 100]). In particular we can find any such F among quotients of
O%"(—m), where n :== P(m). So we need to consider the Quot-scheme Quot(OF"(—m), P)
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(|Gro61, Théorém 3.2, p. 260]). The kernels of the quotients OF"(—m) — F do not
have to be globally generated, however, the family of all these kernels is bounded (|Gro61,
Proposition 1.2, p. 252|), and hence m/-regular for some m’ € N. Therefore there is p € N
such that for all I > p, O??”(—m) is [-regular as well as any F as above, and the kernel of
O%"(—m) — F. Then surjectivity of maps as in (1.1) gives us for each [ > p a realisation of
Quot(OY"(—m), P) as a closed subscheme

Quot(O%™(—m), P) — Gx(N, — P(1), Ny), (1.2)

where N; == nPo, (I—m) and Gr(N;—P(l), N;) is the Grassmannian of N; — P(l)-dimensional
subspaces in an N;-dimensional space ([Gro61, Lemmes 3.3 and 3.7]).

The action of GLy, (k) on O%" induces an action of GL, (k) on
HO(X, 05" (1 —m))

where each n x n matrix becomes a matrix of Pp, (I —m) x Pp, (I —m) scalar matrices
(of matrices entries)." Thus we have a right” action of GL, (k) on Gr(N; — P(l), N;). The
Pliicker embedding

Gr(N; — P(I),N}) — PM: | M = ( N ) —1 (1.3)
P(l)

comes with a GL, (k)-linearisation of the very ample line bundle, that is induced from the
canonical GLy, (k)-linearisation. As Quot(O%"(—m), P) C Gr(N, — P(l), N;) is GLy,(k)-
invariant, the induced very ample line bundle on Quot(O%Y™"(—m), P) is GL,,(k)-linearised
(e.g. [HL10, p. 101]). This linearised ample line bundle allows one to describe the moduli space
of (semi) stable coherent sheaves, as the GIT quotient of a locus of “(semi) stable” quotient
sheaves cut out in the Quot-scheme. The moduli space of coherent sheaves became an
instrumental tool to study many fundamental problems in modern algebraic geometry. In the
1990s Le Potier studied the moduli space of coherent systems [Le 93a]. These parameterise
further, the information of pairs (V, F) composed of coherent sheaf F with fixed numerical
characteristics, together with a subspace V of its space of global sections, that is, morphisms

VeOx —-F, VcHYX,F),
equipped with a suitable notion of stability condition associated to (V,F).

The current article aims at studying a particular instance of coherent systems, known
as stable pairs, with support over a fixed algebraic variety and explores the connections
between the birational geometry of the underlying variety and the associated moduli space
of stable pairs.

Definition 1.1. Let Z be an algebraic variety. In this paper, a sheaf stable pair £,s on Z
consists of a torsion-free coherent sheaf £ and a morphism

P
of sheaves (of Oz-modules) such that
dim Supp coker(s) < dim Z,

where r = rank(&).

l1n particular, scalar n X n-matrices are mapped to scalar matrices.
2We regard global sections of O$" as row vectors, i.e. the action of GL, (k) is from the right.
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For simplicity, we will usually drop “sheaf” and just refer to £, s as a stable pair [PT09;
Shel6; Lin18|.

We say two stable pairs £, s and G, t are equivalent if there is a commutative diagram

oy, —=—¢&

id 2 Jisomorphism

Oy ——0.

The equivalence class of &, s is denoted by [€, s].

However, above stable pairs should not be confused with stable pairs studied in birational
geometry. In fact, we relate above stable pairs with stable minimal models in birational
geometry [Bir22]. It is this connection that inspired this work.

Much of this paper is devoted to understanding the moduli spaces Mz(r,n) of stable pairs
classes [€, s] on a smooth curve Z where £ is of rank 7 (mostly » = 2) and deg & = n. Here
deg € is defined in terms of coker(s). This case already exhibits a rich geometry. To such
[€, s] one can associate X = P(€) — Z together with divisors Dy, -, D,, A. The structure

(X,Dy+---+D,),A—Z

is a stable minimal model over the generic point of Z but often not over the whole Z. But a
birational procedure produces a stable minimal model

(X',Dy+---+ D)), A" — Z.

It turns out that the moduli space of the initial stable pairs [£,s] parametrises the
procedure of going from (X, D; + -+ D,), A to (X', D} +---+ D), A’. This geometric
picture provides a crucial tool to study the above moduli spaces.

We can now state the first result of this paper for stable sheaves on curves.

Theorem 1.2. Let Z be a smooth projective curve and n be a non-negative integer. Then
(1) Mz(r,n) is a smooth projective variety.
(2) Consider the natural morphism Mz (r,n) — Hilb% sending [E, s] to the divisor of
coker(s). The fibre of m over Zf njq; is isomorphic to

Fi x---x Fy

where Fj depends only on r and n; (so it is independent of Z and the choice of
‘
21 154;)-

(3) Fj in (2) is a normal variety of dimension nj(r — 1) with Cartier canonical divisor.”
We have a more precise description of Mz(2,n) and the fibres of 7 in low degrees n < 3.
Theorem 1.3. Let Z be a smooth projective curve. Then Mz(2,1) is isomorphic to Z x P
Theorem 1.4. Let Z be a smooth projective curve. Then the fibre of
m: My(2,2) — Hilb%
over a point Z? n;qj is isomorphic to
{smooth quadric in P2, when { = 2,

singular quadric in P2, when ¢ = 1.

3there are related works by Biswas, Gangopadhyay and Sebastian in [GS20; BGS24].
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Theorem 1.5. Let Z be a smooth projective curve. Then the fibre of
7 My(2,3) — Hilb},

over a point Z? n;q; 1s 1somorphic to

P! x P! x P!, when £ = 3,
P! x singular quadric, when £ = 2,
Fs, when £ =1

where F3 is a Q-factorial Fano 3-fold of Picard number one with canonical singularities along
a copy of P*. Moreover, F3 is birational to P3.

We will give an explicit construction of F3 from P3.

The present article is only the beginning of a long term project on sheaf stable pairs and
birational geometry. There are various directions to explore. We outline some of these:

Study Mz(2,n) over Z = P! for degrees n > 4;

Study Mz(r,n) over Z = P! for higher ranks r > 3;

Study Mz(r,n) over curves Z of genus g(Z) > 1,

Study Mz(ch) over higher dimensional bases Z with fixed Chern character ch;
Use techniques of enumerative geometry to get results in birational geometry.

Each direction exhibits its own challenges. Overall, the above program will enrich both
birational geometry and enumerative geometry. We believe that deeper connections between
the two fields become more apparent when one studies the above moduli spaces over higher
dimensional bases. In this article, we mainly apply birational geometry to understand these
moduli spaces over curves. But in the higher dimensional case one might be able to go in
the opposite direction as well and relate invariants in the two fields.

Finally, for completeness of this discussion we say a few words about our investigation of
Mz(2,2) over a smooth curve Z. Hope this helps to see how birational geometry comes into
the picture. Assume [€,s] € Mz(2,2). As stated above, we can associate a model

X, D1, Ds, A— 7
and from this we can get a stable minimal model
(X',B"), A" — Z.

There are two main cases to consider: one is when the cokernel divisor is reduced and the
other is when the cokernel divisor is non-reduced.

Assume first that £, s has reduced cokernel divisor () = g1 + g2. The two divisors D1, Do
intersect at two distinct points, one over each ¢;. To go from X to X’ it is enough to blowup
these points and then blow down two curves over the ¢;. Already from this picture one can
guess that the classes £, s with fixed ¢y, g2 are parametrised by P! x P!,

Now assume the cokernel divisor is non-reduced, say () = 2¢q. This is the more complicated
case. In this case, Di - Dy = 2 and the intersection points are over gq. There are three
subcases to be considered.

Case I: The fibre F' over ¢ is a component of both Dy, Dy. In this case, X = X' and D)
is the horizontal part of D; (similarly for A).

Case II: F is not a component of D1, Dy, A. Then Dy and Dy are tangent to each other
at some point over q. Then the stable minimal model is obtained as in the following picture:
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< by
A~
D; Dy
A~
Dy F~
\blowdown of F~ and then E™
Dy =Dy
Dl A/ — AN
A D} = Dy
Dy
X/
X Jo
F' =G~
f . f p = image of E™
\_/./—\
Z

Case III: F' is a component of one of Dy, Dy, A. Say F'is a component of Dy. Then D5, A
are tangent, and the stable minimal model is obtained by a similar but slightly different
process. One then considers the case when F' is a component of Dy (resp. A), etc.

The above arguments make it clear that the fibres of Mz(2,2) — Hilb% are independent
of the genus of Z, that is, the fibre only depends on whether the cokernel divisor is reduced
or not (and the same arguments apply even if Z is not projective). In fact, it is enough
to work in a formal neighbourhood of the cokernel divisor. From this one can reduce the
calculation of the fibres to a local problem.

To make the story short, in the non-reduced cokernel case one is reduced to classifying all
quotients

K[t/(t%) @ K[1)/(#) — L

where L is a k[t]/(t?)-module of length 2. Such L is either k @ k or k[t]/(t?). Some careful
calculations show that such quotients are parametrised by a singular quadric in P3.

But to investigate fibres in the degree 3 case we need to borrow more sophisticated tools
from birational geometry.
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supported by Shuimu Tsinghua Scholar Program and China Postdoctoral Science Foundation
(2023TQ0172). The third author would like to thank Vladimir Baranovsky for helpful
discussions. He is supported by a grant from Beijing Institute of Mathematical Sciences and
Applications (BIMSA), and by the National Program of Overseas High Level Talent.

2. PRELIMINARIES

We work over an algebraically closed field k of characteristic zero. All varieties and
schemes are defined over k unless stated otherwise. Varieties are assumed to be irreducible.

2.1. Contractions. By a contraction we mean a projective morphism f: X — Y of schemes
such that f,Ox = Oy In particular, f is surjective and has connected fibres.
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We say that a birational map f: X --+ Y contracts a divisor D C X if f is defined at
the generic point of D and f(D) C Y has codimension at least 2. The map f is called a
birational contraction if f~1 does not contract any divisor.

2.2. Pairs and Singularities. Let X be a pure dimensional scheme of finite type over k
and let M be a Q-divisor on X. We denote the coefficient of a prime divisor D in M by
upM.

A pair (X, B) consists of a normal quasi-projective variety X and a Q-divisor B > 0 such
that Kx + B is Q-Cartier. We call B the boundary divisor.

Let ¢: W — X be a log resolution of a pair (X, B). Let Ky + By be the pullback of
Kx + B. The log discrepancy of a prime divisor D on W with respect to (X, B) is defined as

a(D,X,B)=1— upBy.
A non-klt place of (X, B) is a prime divisor D over X, that is, on birational models of X,
such that a(D, X, B) < 0, and a non-klt centre is the image of such a D on X. We say
(X, B) is lc (resp. klt) if a(D, X, B) is > 0 (resp. > 0) for every D. This means that every
coefficient of By is <1 (resp. < 1).
A log smooth pair is a pair (X, B) where X is smooth and Supp B has simple normal
crossing singularities.

2.3. Base locus. Let £ be an invertible sheaf on a scheme X. The base locus of L is
Bs(£) = {z € X | t(z) =0,Vt € H(X,L)}.
If H°(X, L) = 0, by convention, Bs(£) = X.

2.4. Types of Models. Let (X, B) be an lc pair.

Let X — Z be a contraction to a normal variety and assume that Kx + B is big over Z.
We say that the log canonical model of (X, B) over Z exists if there is a birational contraction
v: X --» Y where

e Y is normal and projective over Z;
e Ky + By = p.(Kx + B) is ample over Z; and
e o"(Kx + B) > *(Ky + By) for any common resolution

We call (Y, By) the log canonical model of (X, B) over Z.

A dlt model of an lc pair (X, B) is a pair (X', B') with a projective birational morphism
1: X" — X such that
e (X', B')is dlt;
e cvery exceptional prime divisor of 1) appears in B’ with coefficients one;
o Ky + B =9y*(Kx + B).

We say that a pair (Y, By) is a log minimal model of an lc pair (X, B) if there exists a
birational contraction ¢: X --» Y such that
e (Y, By) is Q-factorial dlt;
e Ky + By is nef; and
e ¢ is Kx + B-negative, i.e., for any prime divisor D on X which is exceptional over
Y, we have a(D, X, B) < a(D,Y, By).
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A log minimal model (Y, By) is good if Ky + By is semi-ample.

2.5. Stratification. Let X be a scheme. A stratification of X consists of a set of finitely
many locally closed subschemes Xi, ..., X, of X, called strata, pairwise disjoint and such
that X = [J] Xj, i.e., such that we have a surjective morphism [} X; — X.

3. HIGHER RANK SHEAF STABLE PAIRS

3.1. Stability. Let X be a projective variety of dimension d, let Ox (1) be a very ample
invertible sheaf on X. Denote by Pr the Hilbert polynomial of a coherent sheaf F on X.
Definition 3.1 (|[Shel6, Definition 2.6]). Let g(m) be given by a polynomial with rational
coefficients such that its leading coefficient is positive. A pair O’ KA F, where F is a pure
sheaf, is 7/-stable (resp. 7'-semi-stable) with respect to (stability parameter) q(m) if
(1) for all proper non-zero subsheaves G C F for which ¢ does not factor through G we have
Pg _ Pr+aq(m)
rk(G) rk(F) 7
(2) for all proper subsheaves G C F for which ¢ factors through
Pg +a(m) _ Pr+q(m)
rk(G) tk(F)

We consider the stability condition when g(m) — co.

resp. (<)

resp. (<).

Definition 3.2. Fix ¢(m) to be given as a polynomial of degree at least d + 1 with rational

coefficients such that its leading coeflicient is positive. A pair O LA F is called to be
7/-limit-stable (resp. 7'-limit-semi-stable) if it is stable (resp. semi-stable) in the sense of
Definition 3.1 with respect to this fixed choice of g(m).

Lemma 3.3 ([Shel6, Lemma 2.7]). Fiz q(m) to be given as a polynomial of at least degree
d 4+ 1 with rational coefficients such that its leading coefficient is positive. Then stability and

semi-stability coincide. A pair O RN F is 7'-limit-stable if and only if coker(¢) is a sheaf
with at most d — 1-dimensional support, i.e., coker(¢) is a torsion sheaf.

Proof. The exact sequence
0 — K = ker(¢) — O% -2 F —+ Q == coker(¢) — 0
induces a short exact sequence
0 — Im(¢p) — F — Q — 0.
Hence we obtain a commutative diagram

0% — 2 Tm(o)

|

oy, — F.

Now we assume that O% — F is 7/-limit-stable:

Pr(g) +a(m)  Pr+q(m)
rk(Im(¢)) rk(F)
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By rearrangement we get
q(m) - (0k(F) — rk(Im(¢))) < rk(Im(¢)) P — rk(F) Pim(g)- (3.1)

Note that the right-hand side of (3.1) is a polynomial in m of degree at most d. However by
the choice of g(m), it is a polynomial of degree at least d+ 1 with positive leading coefficients.
Hence, as m — oo, the only way for the inequality (3.1) to hold is rk(Im(¢)) = rk(F) and
therefore Q has rank zero.

For the other direction, we assume that Q is a torsion sheaf, but O% — F is not 7/-limit-
stable. Then there exists a saturated subsheaf G satisfying the destabilising condition:

B Pr+q(m)
tk(G) = rk(F)

noting that Im(¢) Z G. Since F is pure one has rk(G) > 0. But the degree of g(m) is chosen
to be sufficiently large, a contradiction. ([l

Now we study automorphisms of stable pairs.

Lemma 3.4 ([Shel6, Lemma 3.6]). Given a 7'-limit-stable pair O % F and a commutative
diagram

o, 2L F (3.2)

g

OS(T}".

id

The map p is given by idr.
Proof. The diagram (3.2) induces

O *d)» Im(¢p)—— F

Jphm(q;) J{P

0% —2 5 Im(¢)—— F.

id

By commutativity of (3.2), po¢ = ¢ oid = ¢ then p(Im(¢)) = Im(¢). Hence p(Im(¢)) C
Im(¢). It follows that p |1 (¢)= idim(g)- Indeed, if s € Im(¢)(U) where U C X is affine open
with s € O% (U) satisfying ¢(s) = s then

o(s) = p(6(3)) = H(d(F) = 6() = 5.
Now apply Hom(—, F) to the short exact sequence
0 — Im(¢p) — F —Q—0
where Q is the corresponding cokernel. We obtain
0 — Hom(Q, F) — Hom(F, F) — Hom(Im(¢), F).

Since O% — F is 7/-limit-stable, Q is a torsion sheaf. Hence by purity of 7, Hom(Q, F) = 0.
We obtain an injection

Hom(F,F) — Hom(Im(¢), F).
Now plim(g) = idim(g) = (dF)|m(g), so p = idr. O
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3.2. Sheaf stable pairs. In this subsection, we establish some general results regarding
sheaf stable pairs on varieties. Inspired by Lemma 3.3, we propose the following definition of
such pairs.

Definition 3.5. Assume Z is a variety. A sheaf stable pairs is of the form &, s where

£ is a torsion-free coherent sheaf of rank r > 0,
oy - £ is a morphism of @z-modules,
dim Supp coker(s) < dim Z.

To give a morphism O 5 £ is the same as giving r sections
51,...,8.- € H(Z,8)

where s; corresponds to the morphism from the i-th summand of O, to £ determined by s.
We will then sometimes use the notation &, s, ..., s, instead of &, s.
We also often denote Q := coker(s). So we get an exact sequence

v % & — Q = coker(s) — 0.
Lemma 3.6. Assume &,s is a stable pair. Then the morphism O, =5 & is injective.

Proof. Since dim Supp coker(s) < dim Z, s is generically an isomorphism, so ker(s) is torsion,
hence zero. So we get a short exact sequence

0— 0y 58 —Q—0. O

Lemma 3.7. Assume £, s is a stable pair on a normal variety Z. Then Supp coker(s) is
empty or of pure codimension one.

Proof. Let Q = coker(s). If @ =0, then Supp Q = 0.
Suppose Q # 0. Assume Supp Q is not of pure codimension one. Then after shrinking we
can assume 0 < dim Supp Q < dim Z — 2. Now we have a diagram

oy, —>—¢&

isomorphisml J{

(O’I‘Z)V\/ 5\/\/

where ¥V denotes double dual. All the maps are isomorphisms on U = Z \ Supp Q. But
EVV is reflexive (|[Har80, Corollary 1.2]) and Z is normal, hence £V is determined by
EVWVly ~ O%|y (|[Har80, Proposition 1.6]), so O% — €Y is an isomorphism. On the other
hand, £ is torsion-free by assumption, so the natural morphism & — &YV is injective.
Therefore,

b & — EVY

are isomorphisms, contradicting the assumption Q # 0. ([
Lemma 3.8. Assume &, s is a stable pair on a variety Z. Assume & is locally free, and
x=p¢) Lz, 0x)

the associated projection and line bundle. Then the base locus Bs(Ox (1)) is vertical over Z.
More precisely,

f(Bs(Ox(1))) C Supp coker(s).
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Proof. Pulling back O =5 € to X we get
Oy — € — 0x(1) (3.3)

where the second morphism is a natural surjective morphism [Har77, Chapter II, Proposi-
tion 7.11]. Since O}, —> £ is surjective on

U := Z \ Supp coker(s)

the induced morphism O% — Ox(1) is surjective on f~1U. So Ox(1) is generated by
global sections on f~1U, hence Bs(Ox(1)) C X \ f~!U. O

Corollary 3.9. Assume &,s is a stable pair on a smooth projective curve Z, then the
associated Ox (1) is nef (i.e., € is nef).

Proof. Recall that an invertible sheaf £ on a projective scheme Y is nef if deg L|c > 0 for
every curve C C Y.
In our case,
0 = dim Supp coker(s) < dim Z = 1,
so by Lemma 3.8,
Bs(Ox (1)) C union of fibres of f.

Thus if C C X is a curve with deg Ox (1)|c < 0, then C' C Bs(Ox (1)) C union of fibres of f.
But Ox(1) is ample over Z, so there is no such C. This shows that Ox (1) is nef. O

Example 3.10. If Z is a smooth projective curve and &€ = Oz(n1) @ --- ® Oz(n,), s is
stable, then n; > 0 for every i.
If not, say, n; < 0, then Ox(1)|g is anti-ample where S — X is the section determined
by Oz(n1). But then Ox (1) is not nef, a contradiction. See also [Laz04, Proposition 6.1.2].
In particular, any stable pair on P! is of the form above.

Example 3.11. In general, Ox (1) may not be base point free. Indeed, assume

Z = elliptic curve,
E =0z @ Oz(p), where p is a point on Z.

The identity morphism Oz — Oz and the morphism Oz — Oz(p) corresponding to any
non-zero section determine a stable pair £, s with coker(s) supported at p. Now X = Pyz(E)
is a ruled surface over Z. Consider the section S C X given by the surjection & — Oz(p)
[Har77, Chapter V, Proposition 2.6]. Then Ox(1)|s is isomorphic to Oz(p) which is not
base point free, hence Ox (1) is not base point free.

Remark 3.12. Assume &, s is a stable pair on a variety Z. Then the morphism O7, LN
determines a rational map

X=PE&)------ P
\ )
Indeed, the summands Oz of OF, determine sections s1, ..., s, of £ which generate £ outside
Supp coker(s). We can view sq,..., s, as sections of Ox (1) generating it outside

f~1 Supp coker(s).

Therefore, they determine a rational map as in the diagram above which is a morphism
outside f~! Supp coker(s).
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Alternatively, the morphism O7, — £ is an isomorphism outside Supp coker(s) hence
determines the rational map above.

Definition 3.13. Assume Z is a variety, £, s and G,t stable pairs. We say the pairs are
equivalent if there is a commutative diagram

oy, ¢

id ZJisomorphism

oy —] g
where the vertical arrows are isomorphisms and the left one is the identity. The equivalence
class of £, s is denoted by [£, s].
If s1,...,8. € HY(Z,&) and t1,...,t, € H'(Z,G) are the sections of £, G determined by
s, t, then the above is equivalent to saying that there exists an isomorphism £ — G sending
s; to t; for every 1.

Lemma 3.14. Assume Z is a variety, £,s and G,t are stable pairs. Assume that there is a

commutative diagram

oy, —=—¢&

2 l 2 lisomorphism

Oy ——9

where the vertical arrows are isomorphisms and the left one is given by a matrix

A0 --- 0

0O Ax - 0

00 --- \
for some A € k\ {0}. Then

[€,s] =1[G,1].

Proof. 1f s1,...,s. € H*(Z,&) and t1,...,t, € H*(Z,G) are the sections of £, G determined
by s,t respectively, then the above is equivalent to saying that there exists A € k \ {0} and
an isomorphism £ — G sending s; to At;, for each 1.

Consider the morphism G — G which sends a section u on an open set to %u This is an
isomorphism and composing it with & — G gives an isomorphism & — G sending s; to t;.
Thus [€,s] =[G, t]. O

Lemma 3.15. Assume Z is a variety. Then to give a class [E,s] of rank r with & reflexive
is equivalent to giving a reflexive K and an inclusion

K — O
with cokernel of rank zero.
Proof. Given &, s, dualising
% & — coker(s) — 0

we get
0— & — O
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with rank(O%/EY) = 0. Moreover, if [€, s] = [G, t], then we have a diagram

oy, —>-¢&

N

g
with & — G an isomorphism, and dualising we get

£V 0y,

l.”

GV
which means the two inclusions are the same, i.e., their images coincide.
Conversely, given K — 07, dualising we get the class of a stable pair O, LAY 0 O

Definition 3.16. For a smooth projective variety Z, Mz(ch) denotes the moduli space of
stable pair classes [£, s] with Chern character ch on Z. This is a projective scheme; see [Le
93b], [Shel6, Theorem 3.7] and Lemma 3.4. When Z is a smooth projective curve, we simply
write it as Mz(r,n) where r is the rank and n is the degree of £. In this case the morphism

Mz(r,n) — Hilb?,
sends [£, s] to the divisor determined by coker(s) (Quot-to-Chow morphism).

Lemma 3.17. Assume Z is a smooth projective curve. Then Mz(r,n) is isomorphic to
Quot (0%, n), hence smooth.

Proof. Assume [€,s] € Mz(r,n). By Lemma 3.15, this class naturally corresponds to the
induced inclusion

EY — OF,
and if [€, s] =[G, t], then
EV s 0Y% and G — O
have equal images. Therefore the class [€, s] corresponds uniquely to a rank zero quotient of
7, of degree n, hence to a point of the Quot-scheme Quot(O%,n).

For smoothness of Quot(O7,n), see [HL10, Proposition 2.2.8|, noting that for any short
exact sequence

0—K—>0, —9—0

with Q being rank zero one has Ext!(K,Q) ~ H'(Z,KY ® Q) = 0 by the Grothendieck
vanishing. O

Lemma 3.18. Assume Z is a smooth projective curve. Assume that for some r,n, the fibre
of

Mz(r,n) = Hilb%
over some point h is of dimension n(r — 1) and smooth in codimension one. Then this fibre
s an irreducible normal variety.

Proof. First note that Hilb% is just the n-th symmetric product of Z, hence it is smooth of
dimension n (for Z = P!, Hilb% ~ P"). Pick general ample divisors Hi, ..., H, through h.
Then H; are smooth intersecting transversally at h.
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Since dim Quot(O7,n) = nr, general fibres of w are of dimension n(r — 1) (in fact, general
fibres of 7 are (P"~1)"). By upper semi-continuity of fibre dimension, every fibre of 7 over
some neighbourhood of A is of dimension n(r — 1). Thus we can see that

fibre over h=n*HiN---Na*H,

is a locally complete intersection and hence Cohen-Macaulay [Har77, Chapter II, Propo-
sition 8.23|. And it is smooth in codimension one by assumption. Therefore, it is normal
by Serre criterion [Har77, Chapter II, Proposition 8.23]. Here we are using smoothness of
Mz(r,n) (see Lemma 3.17). Then the fibre is irreducible as 7 has connected fibres. O

4. MODELS ASSOCIATED TO A SHEAF STABLE PAIR

Definition 4.1. Assume [£, s] is a stable pair of rank r on a variety Z, with £ locally free.
Let s1,...,s, be the sections of £ determined by s. We introduce the notation

x=pE) Lz

Ox (1) = the associated invertible sheaf,

D; = divisor of s;,

A = divisor of 51 + -+ + s,.

Here we view s; as sections of Ox (1) via the morphism (3.3), so D; is the divisor of this
section (similarly for s; 4+ --- 4+ s,). We call

X.Dy,....D,, A5 7

the model associated to [E, s].
Now assume G, t is another stable pair on Z with G locally free. Let

Y,E\,...,E..C — Z

be its associated model. We say the above two associated models are isomorphic if there is
an isomorphism over Z

X—Y
Z
mapping Ox (1) to Oy (1) and mapping D; to E; and A to C.

Lemma 4.2. Assume £,s and G,t are stable pairs on a normal variety Z, with £,G locally
free. Then [E,s] = [G,t] if and only if the associated models of €,s and G,t are isomorphic.

Proof. Assume [£,s] = [G,t]. Then there exists an isomorphism £ — G sending the
corresponding sections s1,...,s, to t1,...,t.. This induces an isomorphism
) ———P(E (4.1)

\/

mapping Op(g)(1) to Op(e)(1) and mapping the divisor of ¢; to the divisor of s;. It also maps
the divisor of ¢; + - -+ + t, to the divisor of s1 + -+ + s,.

Conversely, assume the associated models are isomorphic. So we have an isomorphism
as in (4.1) mapping Opg(1) onto Op(g)(1) and mapping the divisor of ¢; to the divisor of
s; and divisor of t; 4+ - - - + ¢,. to divisor of s; + - - - + s,.. This gives an isomorphism & — G.
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However, divisor of a section does not determine the section, it determines it only up to
scaling [Har77, Chapter II, Proposition 7.7| (as P(€), P(G) are normal), i.e., there exist
Ai, A € k\ {0} such that s; is mapped to A;t; and s1 + - - - + s, is mapped to A\(t; + - -+ t,).
But then

Z)\iti = )\(tl + 4 tr).
However, the sections t1,...,t, are linearly independent over k as G,t is a stable pair so
oy LA G is injective. Therefore, A\; = A and s; is mapped to At; for all 4. This shows
[€,s] =[G,t] by Lemma 3.14. O

Next we discuss connection with the theory of stable minimal models.

Definition 4.3. Assume Z is a variety. In this paper a (Ic) stable minimal model over Z is
of the form

(X,B),ALs 7

where

.
(X, B) is a log canonical pair equipped with a projective morphism X —f—> Z,

Kx + B is semi-ample over Z,

A > 0 is an integral divisor on X,

Kx + B+ uA is ample over Z for 0 < u < 1,
| (X, B+ uA) is log canonical for 0 < u < 1.

For more details see [Bir22]. Note however that the above definition is in the relative
situation while the setting in [Bir22] is global. Also one should not confuse the above notation
with the one in [Bir22[; in the setting above, Z is a fixed base and Kx + B is semi-ample
over Z defining a contraction X — S/Z; we have suppressed S in the notation because in
this paper we usually deal with the situation where S = Z.

Example 4.4. Assume Z = Speck is a point, and &, s is stable of rank r. Then £ is a
k-vector space of dimension r. And O -, £ is an isomorphism. Let

X,D1,...,Di, A — Z

be the associated model. Put B = > D;.
We want to argue that (X, B), A is a stable minimal model. Identifying £ with k" via

oy -5 &, we can assume
X =P ! =Projk[sy,...,s]

Then Dy, ..., D, are the standard coordinate hyperplanes, hence (X, B) is lc (this is the
standard toric structure on P"~1). To show (X, B), A is a stable minimal model, it is enough
to show s1 + -+ + s, does not identically vanish on (;c; D; for any subset I C {1,...,r}.
Assume not. Then extending I, we can assume |I| = r —1 in which case (,.; D; is one point.
We may assume I = {1,...,r — 1}. Then s; +--- 4+ s, vanishes on (),c; D; = (0:---:0:1)
which is not the case, a contradiction.

Remark 4.5. Given a stable pair £, s on a variety Z with £ locally free, we can define a
model (X, B), A — Z as in the previous example. The example shows that this model is
a stable minimal model over some open subset of Z. But we will see that it is often not a
stable minimal model over the whole Z even when Z is a smooth curve and » = 2. It is
however possible to modify the above model birationally and get a stable minimal model
over the whole Z. This is our next aim.
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Construction 4.6. Assume Z is a normal variety and &, s is a stable pair on Z. We will

associate a stable minimal model (X', B'), A’ I 7 Let @ = Supp coker(s), and U = Z\ Q.
Since O —, £ is an isomorphism on U, £ is locally free on U. So by Definition 4.1, we
have an associated model

XV, DV ... DV AV U

over U. If F is the fibre over any closed point z € U,

(F,> DY), AYr

is a stable minimal model, by Example 4.4. Letting BY =" DY we see that (XY, BY), AY
is a stable minimal model over the smooth locus of U. But it may not be a stable minimal
model over the whole Z (or even U).

Let X be a compactification of XY over Z. Denote X — Z by f. Take a log resolution
X" 25 X. We can take this resolution so that it is an isomorphism over the smooth locus

of U and so that letting

B" = Supp((BY)~ + Exc(¢) + o L f1Q),
A — (AU)~7

(~ denotes birational transform)

the pair (X", B” 4+ A”) is log smooth.

Run an MMP on Ky~ + B" over Z. Since (XY, BY), AU — U is a stable minimal model
over the smooth locus of U, and since ¢ is an isomorphism over this locus, the MMP does
not modify X" over this locus.

Assume the MMP terminates with a good minimal model X”’. Then Kxw + B" is
semi-ample over Z defining a contraction X" — T — Z. The MMP is also an MMP on
Kxn + B" +uA” for any 0 < v < 1. Now run another MMP on K x» + B" + uA" over T.
Assume this terminates with a good minimal model X’ over T'. Then A’ is semi-ample over
T defining a birational contraction, since A’ is big over Z and hence big over T'. Replacing
X' with the base of this contraction we get

(X', B"),A' — Z

which is a stable minimal model, noting that A’ does not pass through any non-klt centre of
(X', B’). Over the smooth locus of U, X --+ X’ and X” --» X’ are isomorphisms.

Proposition 4.7. Let Z be a smooth variety and £, s a stable pair of rank r with € locally
free and @Q the divisor of coker(s) being simple normal crossing. Then the associated stable
manimal model

(X',B"),A' — Z
exists and it depends only on Z,r and Supp Q.
Proof. Consider the identity morphism O7 — O7 and the associated model
X, p,,... DALz
as in Definition 4.1. Let B’ =" D} + f"* Supp Q. Let
X.Dy,....D,, A5 7z
be the associated model of &, s as in Definition 4.1. Set B = Supp(>_ D; + f~1Q).
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By Remark 3.12, there is a rational map

induced by the sections sq,..., s, determined by s.
Let t1,...,t, be the sections of O’ determined by the summand Oz. The morphism
LN,
maps t; to s;. Viewing t¢; as sections of Ox/(1) and s; as sections of Ox(1), the above

rational map a pulls back ¢; to s;. This shows D; = o*D], A = a*A’. Moreover, « is an
isomorphism over U where U = Z \ Supp Q.

Let X” 5 X be a log resolution of (X, B+ A) so that it is an isomorphism over U. Let
B" = Supp(B~ + Exc(p) + ¢~ f7'Q)

and let A” be the horizontal part of A~. We can assume X" Y X' isa morphism.

Then ¢,B"” = B’. In fact, B” = Supp(B"™ + Exc(¢)). Thus, we can run an MMP on
Kxn + B” over X' ending with a dlt model of (X', B'), say (Y, By). Moreover, since A’
does not contain any non-klt centre of (X', B’), the pullback of A’ to Y, say Ay, is the
birational transform of A’. Therefore, (X', B’ + uA’) is the lc model of both (Y, By + uAy)
and (X", B” + uA”) for any 0 < u < 1. So (X', B"), A’ — Z is the stable minimal model
associated to &, s. O

Remark 4.8. Under the assumption of Construction 4.6, assume there exists an effective
Cartier divisor L on Z with Supp L = Q and U is smooth. For example this holds when X
is smooth. Then one can show that we can run MMPs as in Construction 4.6 terminating
with good minimal models as required.

Lemma 4.9. Let £, s be a stable pair of rank 2 on a smooth projective curve Z. Let
X,Dy, Dy, A5 7
be the model of £, s as in Definition 4.1. Then D1 - Dy = deg€.
Proof. We have a formula
Kx + D1+ Dy ~ f*(Kz + det&).

Let T7 be the horizontal part of Di. We can write D1 = T + P where P > 0 is vertical.
Then

(Kx + Dy +D2) = f*(KZ+det5)~D1 = f*(Kz—i-detS)-Tl
=29 —2+degf&
where g is the genus of Z. Moreover,
(Kx 4+ D1+ D3)-Dy=(Kx+D1)-Dy+D;-Dy

= (KX+T1+P)'(T1+P)+D1‘D2
=(Kx+T) -T1+ (Kx +2I1)- P+ Dy - Dy
= 2g— 2—|—D1 . D2

where we use the fact (Kx + 271) = 0/Z. Therefore, Dy - Dy = deg €. O
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5. STABLE PAIRS ON CURVES WITH FIXED COKERNEL DIVISOR

In this section we study stable pairs on a curve with cokernel given by a fixed divisor on
the curve. This is motivated by the construction of stable minimal models explained in the
previous section.

Given a stable pair £, s on a smooth curve, assume Q) = Zf n;q; is the divisor determined
by coker(s). Going from the associated model

X, Dy,....D,,A— Z
to the stable minimal model
(X',B",A' — Z
resolves the singularities of sections si,...,s, determined by s, and untwists £ to turn it
into O7. This procedure makes modifications only over the points ¢; and in an independent

way over different g;. This leads to the following statement which will be proved in a more
direct fashion.

Theorem 5.1. Let Z be a smooth curve and (Q = Z€ n;qj an effective divisor. Let

Mg ={[€,s] | £, s is a stable pair of rank r with cokernel divisor Q},

M; ={[€,s]| &, s is a stable pair of rank r with cokernel divisor n;q;}.
Then Mg and M; carry natural projective scheme structures and
MQL-’Ml X XM@.

We will make some preparations before giving the proof. We will apply the theorem to
understand the fibres of
Mz(r,n) — Hilb?,
when Z is a smooth projective curve. In fact this connection already appears in the proof of
the theorem.

Lemma 5.2. Assume Z is a scheme and V,W C Z are open subsets such that Z =V UW.
Also assume that

.FV — 5{/ and .FW — 5W
are morphisms of Oy -modules and Oy -modules respectively such that after restriction to
V AW we have a commutative diagram

isomorphism
Fvlvaw —— Fwlvow

| J

Evivaw — — Ewlvow.
isomorphism

Then these uniquely determine a morphism of Ox-modules
F—E&
whose restriction to V,W coincide with Fy — &y and Fy — Ew respectively.

Proof. The sheaves Fy and Fyy glue via the isomorphism Fy |yaw — Fw|vaw to make an
Ox-module F. Similarly, we get an Ox-module £ from &y and &y. For similar reason, the
morphisms also glue to give F — £ which is uniquely determined. (|
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Proof of Theorem 5.1. First we reduce to the case when Z is projective. Let Z be the
compactification of Z. Let V = Z and W = Z \ Supp Q. Given any stable pair £, s on Z
with cokernel divisor (), considering

b2 &y =€ and O -5 Oy
and the diagram

r id T
vnw OVOW

Slvmwl Jid

r
gV ’VQW a OVOW

where « is determined by the other three arrows (which are all isomorphisms), and applying
Lemma 5.2, we can extend &, s to Z preserving the cokernel divisor. Note that « is simply
the inverse of s|ynw . Similar remarks apply to stable pairs with cokernel divisor n;g;. Thus
from now on we assume Z is projective. Then we can identify

Mg = fibre of Mz(r,n) — Hilb’, over Q (n=7>_n;)
M; = fibre of Mz(r,n) — Hilb,/ over n;q;

so we get projective scheme structures on Mg and M;.
Next we will define a map on k-rational points

MQ — My x --- XMg.
Pick [€,s] € Mg. Let V.=2Z\{q2,...,q} and W = Z \ {q1}. Then the morphisms

s id
op Vel and 0 4 0f,

glue together via
id
vew — Ovaw

Svmwl lid

Elvaw 5 OVveow

where 3 is determined by other arrows. This gives a stable pair €', s' with cokernel divisor
n1q1. A similar construction produces &7, s’ with cokernel divisor n;g;.
Assume [€,s] =[G, t] € Mg. Then there is a commutative diagram

oy, —2—¢&

Jisomorphism

Oy ——¢

Let again V = Z\ {q2,...,q/} and W = Z \ {q1}, and consider

o Vgl or, o, (5.1)
idJ{ l idJ J{id
o[ — Oy — Oy

tly
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Restricting to VN'W we get a commutative diagram

id

T OT
vnw vnw
%W \d
id Elvaw ) Vow
s ld T'V
Ovaw > Ovaw id
\ e id
tlyaw T r
|VOW VOaw

where Elvaw — O and Glvaw — Oy are inverses of s|yaw and t|ynw. Here we are
making use of the fact that VNW = Z\ Supp Q, so s|ynw and t|y~w are both isomorphisms.
Therefore, the diagrams in (5.1) glue together giving a commutative diagram

oy, SR
Jisomorphism

Or gl

showing [€1, s!] = [G!, !]. The same holds for every j. Thus we have a well-defined map
MQ — My x--- XMZ.

We claim that this map is bijective. Pick [£;,s;] € M;. Inductively, we can assume that
there exists a unique stable pair £ ,§ on Z such that
¢
coker(s) Zn]q] and 5] = =¢&j,85 V2<5<4.
7j=2

Using the notation V, W from above, the two morphisms

or 2o e and o, Y &y
restricted to VN W give a diagram

id
—>
VﬂW OVﬁW

51|VMWJ \FWWV

Elvew Elvaw

isomorphism

where the lower isomorphism is determined by the other three isomorphisms. So the above
two morphisms glue to give a morphism O7, -5 £. From the construction we see that
&, 80 =¢E;, s for all j.

One can also show that the class [£, 5] is also uniquely determined by the classes [£;, s;].
We leave this to the reader.

It remains to show Mg — My x --- x My is a morphism of schemes. Note that Mg and
M; are (fine) moduli spaces with universal families M; — M; giving [[M; — [[ M;. The
latter is a family for moduli functor of Mg, hence there is a moduli map [[ M; — M. One
may check that this coincides with inverse of Mg — [[ M; constructed above. ]
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Remark 5.3. Assume Z is a smooth curve, and @) = ng > 0 a divisor supported at one point
q. We outline an algebraic method to calculate

Mg ={[€,s] | £, s is a stable pair of rank r with cokernel divisor @Q}.

We can compactify Z hence assume it is projective. Then by Lemma 3.17 it is enough to
parametrises quotients
v — L
with £ of rank zero whose first Chern class is @ [Ful98, Example 15.2.16(b)|. Two such
quotients are considered the same if their kernels coincide.
Since L is supported at ¢, the quotient is determined by the induced quotient

O, — Ly

where Oy is the local ring of Z at ¢; this is because £, = H°(Z,L) and giving a surjection
O, — L (resp. Oy — L) is the same as giving r sections of £ generating L (resp. r elements
of L, generating L,).

Now O, is a PID, so £, is an Og-module of the form

O/l @+ ® Oy /14

where d < r and
d
Zlength((’)q/lj) =n.
1

If ¢ is a local parametre at g, then I; = (th) for some ¢; < n, hence

d
Og/I; ~ k[t]/(t") and > ¢;=n.
1

So Mg parametrises quotients

r d d
Pkt — k) with Yt =n.
1 1 1

In turn this corresponds to quotients

r d d
K[t®" — @kt (") — EDE[M/(t5) with Y 4 =n. (5.2)

In particular, this shows that Mg depends only on n and thus to calculate Mg we could
assume Z = P!

Remark 5.4. This is a continuation of Remark 5.3. If n = 1, the quotients of (5.2) are of the
form

[T —
which in turn implies M, ~ Pt

In the following we assume 7, > 2. There are p,(n) > 2 possibilities for L = ®k[t]/(t%)
satisfies (5.2), where p,(n) is the number of partitions of n into 7 non-zero parts.

(1) First, we take L = k[t]/(t"). A quotient as in (5.2) is determined by
e; =a;0+at+---+ ai,nfltn_la 1<:<r

such that a; o # O for at least one 7. Note that e; is invertible in L if and only if a; # 0.



SHEAF STABLE PAIRS, QUOT-SCHEMES, AND BIRATIONAL GEOMETRY 21

The quotients with e; invertible are parametrised by A™"=1 via

ai1,0 ailr a1,n—1
a;—1,0 @i—11 - Qi—1n-1
1 0 - 0
@;i+1,0 Qi+1,1 0 Giln-—1
Gr,0 Qr 1 T Arn—1

whose entries are the coefficients of ez-_lej in L for 1 < j <r. All of these glue together to
form a smooth open subset S of Mg of dimension n(r —1).

(2) Next we take L = k[t]/(t"~') @ k. Then a quotient as in (5.2) is determined

e; =a;0+a; t+---+ ai,n72tn_2 and b;, 1<i<r

such that
aip by
asp b
rk . 1l =2
Qr.0 br
The quotients with
(ai,o bi)
ajo bj
invertible are parametrised by A"("—D=2 yia
aio ai1 v Alp-2 by
ai-1,0 Gi—1,1 ' Qi—1p—2 bi—1
1 0 e 0 0
@i41,0 Git1,1 “ Qitlp—2 bit1
aj-10 Gj-11 -+ Gj_1p—2 bj_1
0 g - gipa 1
aj110 Qjy11 0 Gjrin-2 bjy1
ar.0 Gr 1 ce Qrn—2 b,

All of these glue together to form smooth locally closed subset Sz of Mg of dimension
n(r—1)—2.

We conclude that Mg has a stratification with locally closed smooth subsets {Si}jfr(n)
where dim S1 = n(r —1) and dim S; < n(r—1) —2 for 1 <i < p,(n) and 1 < j < p,(n). In
particular, Mg is of dimension n(r — 1) and smooth in codimension one. Therefore, M is
normal by Lemma 3.18.

Proof of Theorem 1.2. (1) follows from Lemma 3.17. (2) is an immediate consequence of
Theorem 5.1 and Remark 5.3.

For (3), as in Remark 5.3, Fj depends only on n; and hence we may take Z = Pl If
n; =1, then F; ~ P! and everything is clear. So we assume n; > 2 and then the normality
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of Fj follows from Remark 5.4. Note that every fibre of m has dimension equal n(r — 1).
So 7 is flat [Eis95, Theorem 18.16], and then Kp; is Cartier since Kx is Cartier [Mat87,
Theorem 23.4]. O

6. STABLE PAIRS OF RANK TWO OVER CURVES

In this section we continue our study from the previous section but for rank two case with
irreducible cokernel support.

Theorem 6.1. Assume Z is a smooth curve, Q = ng with n >0 and q a point. Then
Mg ={[€,s] | €, s is a stable pair of rank 2 with cokernel divisor Q}

has a natural stratification by locally closed subsets

Mg = U Gm
m>0 such that
m~+2¢=n for some £>0

where
Gm € Mg = {[G, 1] stable of rank 2 with cokernel divisor mq}

s an open subset.

Proof. As in the proof of Theorem 5.1 we can compactify Z hence assume it is projective. If
Q =0, then 0% % £ is an isomorphism, so there exists only one equivalent class [£, s]. In
this case Mg is one point corresponding to m = 0 = n. So we assume @ # 0.

Let X, Dy, Dy, A — Z be the model associated to £, s. Since &, s is stable, Dy, Dy, A have
no common horizontal component over Z. But they may have common components mapping
to q.

Let Xo = X, D;o = D;. Also let Ry be the largest divisor such that Ry < D;q fori =1, 2.
Let M;o = D; — Ry. If s; is the section corresponding to D; o, then Ry is the fixed part of
the linear system generated by s1, sa.

Now M, g and Ms o have no common component and M; g = D; over Z \ {¢q}. Moreover,
since Dl,O ~ 1)2707 MI,O ~ MQ?O. Assume MLO N MQ’O = (). In this case, Ry = %F where F
is the fibre of X — Z over ¢. Indeed, this follows from Lemma 4.9 and

n=Dig-Dao= Mo+ Ro) - (Mzo+ Ro) =Mio-Ro+ M- Rop
=2My - Ro

and M- F = 1. Moreover, since My ~ My and M; o N Moo = 0, the linear system
|Mi| = |Map| gives an isomorphism X ~ Z x P! and £ ® Oz(—%) ~ 0%. Thus the case
M 0N My = 0 corresponds to m = 0, 2¢ = n and there is only one class [, s] with this
property, and this gives Gg = pt when n is even. This case cannot happen when n is odd.

Assume that Mj oM Mo # (). Note that at least one of M; g and Ma g is purely horizontal,
i.e., have no vertical component. So M; oNFEF or My oM F is one point (with multiplicity one).
Moreover, M g, Ms o cannot intersect outside F'. This implies Mj g N Ma g is one point (but
maybe with multiplicity > 1). And if M, ¢ is purely horizontal, then M; o N F = My 0N Ma
(as sets).

Let X3 RN Xo be the blowup of the intersection point Mj g N Mg, say ro, and Eq the
exceptional divisor. Let

M1 = piM;o — Ry

where R; is the largest divisor with Ry < ¢7M; 0, @ = 1,2. By the previous paragraph,
F & M, for some i and M;o - F' =1, so M, is smooth at 7 for this ¢, so Ry = E; and

Mi71 -F1 =1 for bothi=1,2.
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Also M; 1 is purely horizontal for some ¢, intersecting each fibre of X1 — Z at one point
transversally. So M; 1 N Mz is empty or consists of one point only (maybe with multiplicity
> 1).

If My N My =0, we stop. If not, we blowup M; 1 N Mz and repeat the above. This
gives a sequence

P©m

X, 2" X, . x, -2

Xo=X (6.1)

such that X;;1 — X; blows up a point on E; = Exc(y;) not belonging to any other
component of the fibre of X; — Z over ¢, and such that M ,, N My, = 0. So the fibre of
X,m — Z over q is a reduced chain of P

Es

N N

with self-intersections —1,—-2,..., =2, -1, respectively. Also E,, € M;,, for i = 1,2, and
M; ,, is purely horizontal for some 4, hence this M, ,, intersects E,, but no other F; or F.

Now we can run an MMP on X, over Z. First we contract F', then E1,..., then E,,_.
We arrive at a surface X’ such that E,, is the fibre of X’ — Z over ¢. Since one of M; ,, does
not intersect any of the curved contracted by the MMP, M; ,,, and Ms ,, remains disjoint in
the process. Therefore,

F

X'~ 7 x P
Assume Ry = ¢F. Then, by Lemma 4.9,
n=Dig-Dyg= (Mio+ Ro) - (Mo + Rop)
=M oMo+ Mo Ro+ Map- Ro
= Mo Moo+ 20
where we use the facts
Mig~ Moo and M;og-F =1.

Also we can see from the construction of sequence (6.1) that m = M o- M. Thus n = m+2¢.
If s1, s9 are the sections determined by s, then we get sections t1,ts of £ ® Oz(—{q) whose
zero divisors on X are Mj g and Msg. In fact,

0% E1), e 0 0,(~tg)

gives a stable pair £ ® Oz(—{q),t with cokernel divisor mg.
Conversely, from any stable pair G, ¢ with cokernel divisor mq we get a stable pair &, s
with cokernel divisor () = nq as above. This identifies

Gy = {[5,8] S MQ with Ml,O . M270 = m}
with the open subset
{[G,t] € My,q with M; and M> have no common component }

where M1, My are the divisors determined by t. Note that the case m =n, £ = 0 gives an
open subset G, C Mg. (|
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Remark 6.2. We use notation in the proof above. Let D/} be the birational transform of M; o,
and A’ birational transform of Ag = A — Ry. Also let I’ be the fibre of X’ — Z over q. We
will see below that
(X',B'=D{+D\+F'), A — Z
is nothing but the stable minimal model associated to &, s.
It is clear from the construction above that we can recover

X, Mo, Moo, Ag — Z

from
X' Dy, Dy A" — Z
by reversing X,, — X’ and then reversing X,,, — X.
In fact, G, is parametrising all such precesses. This amounts to choosing and blowing up
a point on F’, then blowup a point on the exceptional curve not belonging to the birational
transform of F”, and so on.
We argue that M; o, Ma o, Ag are the pullbacks of D/, D5, A" under the birational map

One way to see this is to note that X --» X’ ~ Z x P! is the map defined by the sections
t1,t2 of £ ® Oz(—Lq) corresponding to Mj o, Ms .

Here is another argument. If M; is purely horizontal, then
where 1 denotes X,,, — X', hence the same holds for both ¢ = 1,2 noting that ¢, M; ,,, = D..
This shows M, ¢ is the pullback of D}.

On the other hand, let A,, > 0 be the divisor on X,, such that A,, ~ M;,, for i =1,2

and such that pushdown of A, to X is Ag. Then E,;, € A, and A’ is the pushdown of A,,.
Thus D} ~ Di ~ A, so if A is the pullback of A" to X, then

A~ Mg~ DMyg~ Ay and A= Agover Z\ {q},
so A = Ay.
Remark 6.3. We explain how the construction in the proof of Theorem 6.1 relates to stable

minimal models. We use notation introduced in the proof.
By construction, (X,,, B,,) is log smooth where

By, = Supp(D7’ + D5 4+ Exc(p) + ¢ 1 f71Q)

and where ~ denotes birational transform and ¢ denotes X,,, — X. Also recall A,, ~ M; p,.
Let Bj, Aj be the pushdowns of By, A,, to X; via X,, — X;. We claim that

(Xm, B + uAlL)
is lc but
(X;,Bj+uAl) 0<j<m
is not lc for any 0 < u < 1 where A;” denotes the horizontal part of A;. The pushdown of
By, to X' is B' = D} 4 D) + F’, and the pushdown of A" is A’. Moreover, D}, D}, A’ are

disjoint, and (X', B’ +uA’) is lc. Since X,,, — X' is a sequence of blowups, (X, By +uAl)
is lc.
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Now assume both M ,, and My, are purely horizontal. Then M ; and Mj ; intersects
at some point on the fibre of X; — Z over ¢, so (X, B;) is not lc. Then we can assume one
of My, and My, is purely horizontal but the other is not. The same holds for M ; and
My ;. This implies Ag is also purely horizontal hence A; is purely horizontal, so A;‘ = Aj.

Then again M ; and M> ; intersect at some point and A; also passes through this point.
Thus

(X;, Bj + uA))
is not lc. This proves the claim.
Moreover, A" does not contain any non-klt centre of (X', B'), so

(X'B"), A — Z
is a stable minimal model.
Since By, equals B plus the exceptional divisor of X,, — X’, running MMPs as in

Construction 4.6 ends with (X', B’), so the above is the stable minimal model of &, s.
In summary: each X;; — Xj is the blowup of a point where

(X;, Bj + uA})
fails to be lc. When we arrive at X,,,
(X, B +uAl)

is lc, and using MMP we modify it to get a stable minimal model. So the whole process is
dictated by transforming (Xo, By + uA{) into a stable minimal model.

6.4. The variety of invariant subspaces. Here is another point of view from embeddings.

Lemma 6.5. Let Z be a smooth projective curve, and let oc: IC — (’)% be a subsheaf of co-length
n. Suppose that A2« given by a section s € H°(Z,0z(n)). Then there is a diagram

Oy (—n)®2C K—2— 02
\_/
sDs

Proof. Let £ =K. Note that £ ~ K ® Oz(n). The adjoint a: 0% — &, which is defined
via the adjunct matrix of a, can be twisted by Oz(—n). The fact that composition is s @ s
is essentially Cramer’s rule. (]

Therefore K is uniquely determined by a subsheaf of the Artinian sheaf
As = (0z/507(—n))?
of length n, and
0%/aK — (07/s07(—n))®* = A,
while length(As) = 2n. Suppose that s vanishes at points qi,...,q, with multiplicities
ni,...,ny, then s = sy --- s, where s; vanishes exactly at ¢; with multiplicity n;.
Denote by Quot(s) the space of subsheaves K that correspond to a fixed s € H(Z, Oz(n)).
Then we have the factorisation property
As :ASI @"'@ASW
Quot(s) = Quot(sy) x - -+ x Quot(sy).
So it suffices to assume s vanishes at a single point ¢ with multiplicity n. In other words
s = t" where t € H°(O(1)) vanishes at ¢. Then Quot(t") is the variety of n-dimensional
subspaces V' C (k[t]/(t"))®? satisfying t - V C V.
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Write
(k[N =W @ tW @ --- @ 1" 'W

with dim W = 2. Then V is a module over k[t] and by classification of modules over PID,

Vo~ K™ @ K[/, m=0,1,...,| 2.

There are at most 2 terms since the null space Null(V N V) — t" 1 and dim W = 2.

Lemma 6.6. For fived m =0,1,...,|5] =b,

V=k[t] v+ "W t" W)
and v € t"W ©t"HW @ .- @ "W has a non-zero projection v (mod t™+1) € t™W.

Note that we only care about the components v, + V41 + - + Vn—m—1 of v in "W &
t"HW @ ... @™ W, Since we only consider V as a subspace of (k[t]/(t"))®?, the
component v, is well-defined only as a point in P(t™W) = P!. Other components vy, 1+ - -+
Un—m—1 are determined up to an action of the multiplication group 1+ kt + - -+ kt"2m—1 ~
An=2m=1So dim Quot(#") = n and there is a stratification

Quot(t™) = Quot(t",0) U Quot(t", 1) U --- U Quot(t"™, b)

according to the value of m = 0, 1,...,b and each stratum Quot(¢", m) is an A"~?"~1_bundle
over P!, except that for n = 2b and m = b one has V ='W @& - -- @ t?**~1W. So the stratum
Quot(t?*,b) is a single point.

For example, in the special case n = 3 one has b =1 and m = 0,1. The 3-dimensional
space Quot(t?) ~ Quot(t3,0) U Quot(#3,1). Since Quot(#3,0) is an A2-bundle over P! and
Quot (3, 1) is isomorphic to P!, the dimension of stratum drops by 2.

7. DEGREE ONE STABLE PAIRS ON CURVES

In this and following sections we give an in depth analysis of the moduli spaces Mz(2,n)
and the fibre of

Mz(Q, n) — Hllb%
for rank two stable pairs on curves and of degree n < 3.

Example 7.1 (Degree one). Assume Z is a smooth projective curve and assume &, s is a
stable pair of rank 2 and degree 1. Let

X,Dl,DQ,A — Z

be the associated model. By Lemma 4.9, D; - Dy = 1, so D; N Dy C one fibre of f, and
divisor () = coker(s) is one point ¢g. Let F' be the fibre over q.

Case 1: Dq, Dy, A have no vertical components. Then the associated stable minimal
model is obtained as in this picture:
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X~
FE = exceptional divisor
Dy
A~
Dy
blowup of D1 N Dy / wowdown of I~
D
1 Dy Dy =Dy
A A = A~
Dy =Dy
X/
X
) F' =E~
f f B' =D} + D} + F'
q p = image of F'™
\_/./—\
A

Here X' ~ Z x P! and D/, D}, A’ are fibres on the projection X’ — P!.

Case 2: D; or D5 has a vertical component. Since D7 - Dy = 1 and since D1, Do have no
common horizontal component, only one of D¢, Dy can have a vertical component, say D;.
For similar reason, A cannot have a vertical component. Then the associated stable minimal
model is obtained as in this picture:

E = exceptional divisor
— -
s
Dy
blowup of D1 N T/ \biowdown of F~

D Dy = Dy

A A/ — AN

Dy = Dy

D1 1 1

Xl
X
F/ — EN
f . i B' =D, +Dy+F

p = image of F~ = D] NF’
~_ e T
Z

Again X' ~ Z x P! and D}, D}, A" are fibres of the projection X’ — PL.

Case 3: A has a vertical component. In this case D, Dy cannot have a vertical component.
Then the associated stable minimal model is obtained as in this picture:
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X~
FE = exceptional divisor Dy

Dy

e
blowup of Di N i/ \biowdown of F~

i 7 men
A/ — A/\/

‘ ]
X/
X
\ / F'=E~
I . I B'=Di+Dy+ F'

p = image of I~ = A'NF’
\_/&/—\
Z

Again X' ~ Z x P! and D}, D}, A" are fibres of the projection X’ — PL.

In summary, the class [£, 5| is determined by the model X, Dy, Do, A — Z which is in
turn determined by the fixed model X', D}, D}, A" — Z and the point p on the fibre F’.
Therefore, the fibre of

Mz(2,1) — Hilbl, = Z
over each point ¢ is P! and Mz(2,1) ~ Z x PL.
This also completes the proof of Theorem 1.3.

Example 7.2 (Degree one on P!). Assume Z = P!. Then for any [€,s] € Mz(2,1), £ ~
Oz @ Oyz(1) as € is nef (Corollary 3.9). Moreover, by Lemma 3.15, Mz(2,1) ~ Quot(0%, 1),
more precisely, Mz(2,1) is parametrising embeddings

Oz®0z(—1) C Oz d Oy.
Tensoring with Oz(1) we get
Oz(1)® 0z COz(1)® Oz(1).

Since both sheaves are generated by global sections, the above inclusion can be recovered
from

HO(Z, Oz(l) D Oz) - HO<Z, 02(1) D Oz(l))
Thus we get an embedding into a Grassmannian:
Mz(2,1) — Grass(3,4) ~ P3.

Since Mz(2,1) has a P!-fibration onto Z, which is of Picard number two, Mz(2,1) is a
hypersurface in P? of degree 2. Therefore,

Mz(2,1) ~ P! x P!,

This is of course consistent with Example 7.1 where giving a class [€,s] € Mz(2,1) is the
same as a picking point ¢ € Z = P! and then picking a point p on the fibre F' = P! of
X' = Z.

Remark 7.3. Here is another point of view.
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Assume Z =P, Let G| = (9;71, G2 = Oz(n) and € = G1 & Go. We consider the moduli

space M of maps O 25 £ with the condition that its cokernel has 0-dimensional support
and the following equivalence holds

oy, —>—¢&

|

O ——&.

id

This M can be viewed as a subvariety of the Quot-scheme Quot(O7,n), while the latter is
smooth of dimension nr.
Such a map s: O — & is given by

(a1 oy e o N
M_<ﬁ1 Ba - 5T>GM

where a; € H 0(92) = H and §; € H O(Ql) such that its determinant is a non-zero vector in
H. In particular, those 8;’s determine an (r — 1)-dimensional subspace in V := H°(0%),
denoted by Bas. Then there is a morphism

al a2 o .. ar

T-M—HXV, M_<ﬂ1 8 - B,

) — (det M, Buy).

Note that
Aut(€) = (Aut(G1) x Aut(Ga)) x Hom(G1,G2) = (k* x GL(r — 1)) x Hom(O% ', Oz(n))

acts on M by matrix multiplication

(’Yl w) <a1 as - ar>:(71041+<p51 Moz +¢Ps - 710zr+s06r>
0 v/ \B1 B2 - B Y251 Y232 Y28r

where v1 € k*, 72 € GL(r—1) and ¢ € Hom(O% ', Oz(n)). It is not hard to see that det M is
invariant up to scaling of v -det 5 under the action of Aut(&), while Sy is invariant as a linear
subspace of V. Hence there is an induced morphism 7: M = M/ Aut(£) — P(H) x P(V).
The injectivity and surjectivity can be derived from the definition. The surjectivity of « is
clear. Assume that 7(M) = 7(M') for some M, M’ € M with

! / /
(65} a9 “e (6% / al az . e ar
M = and M’ = .
(51 B2 ... 5r> (51 By ... 54)
After multiplying by matrices from Aut(£) we may assume that both (82, s, ..., 5,) and
(85, B5, ..., B.) are the identity matrix I,_1, and det M = det M’. Then (; = /3] and we
may take v; = 1 and 9 = I,._1. It is not hard to calculate that det M = a3 — Z;;} Brjas1.

Now we define ¢ = (¢1,9p2,...,pr-1) € Hom(OTZ_l7 Oz(n)) by letting ¢; = Oz;~+1 — Q4.

Then
1 %) o
(0 IH)MM

and hence 7 is injective. Since M is connected and P(H) x P(V') is smooth, the bijective
morphism 7 is an isomorphism.

In the case n = 1, any quotient of O of degree 1 has kernel (’)2_1 ® Oz(—1). Those
quotients are corresponding to stable pairs 07, — (’)TZ_1 ® Oz(1). In particular, we obtain
Quot(0%, 1) ~ Pt x PL.
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Example 7.4 (Reduced cokernel divisor). Assume Z is a smooth projective curve, £, s a
stable pair with associated model

X,Dy, Do, A L5 7

such that the cokernel divisor () is reduced, say Q = ¢q1 + -+ - + ¢,. Assume F},..., F, are
the fibres passing through the points in Dy N Do, i.e., fibres over the ¢;. Then the stable
minimal model (X', B’ = D} 4+ D)), A’ — Z is obtained by blowing up D; N Dy followed by
blowing down F7~, ..., F)’. This picture illustrates the case n =4 when Dy, Do, A have no
vertical component.

FE = exceptional divisor

blowup of D N i/

Dy
A
Do
X R P s Fy

F = EY
f p; = image of F~
q4

cokernel divisor = ¢; + -+ 4+ ¢4 S S
Z

a @ B

The stable minimal model (X', B"), A’ — Z satisfies
n
X'=ZxP', B =D|+Dy+) F
1

and this is equipped with the marked points p; € F. When Dy, Dy, A have no vertical
component we have

pi € F/\ (DyUDyuA") ~ P!\ {0,1,00}.
The marked stable minimal model

(X,aB/)7A/7pla <oy DPn

determines the equivalence class [€, s]. Moreover, starting with n distinct points g, ..., q, €
Z and considering a marked stable minimal model as above, the same process produces
an equivalence class [€,s]. In other words, all such marked stable minimal models are
parametrised by
Hilb}, , x P!

where Hilbz , C Hilb} is the locus corresponding to reduced divisors (all coefficients equal
1) on Z of degree n.

The classes [, s] with the properties above form an open subset of Myz(2,n). Thus
Mz(2,n) is birational to the product above.

Note also that p; € D] if and only if Dy has a vertical component over ¢;. A similar
remark applies to D) and A’.
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8. DEGREE TWO STABLE PAIRS ON CURVES

Example 8.1 (Degree two on P!, geometric treatment). Assume Z = P! and [£,s] €
Mz(2,2). Then £ =0z(1) & Oz(1) or £ =0z & Oz(2) as £ is nef.

(1) Assume &, s has reduced cokernel divisor @ = ¢1 + ¢2 as in Example 7.4. Let
X, D1, Ds, A— 7

be the associated model and
(Xla B/)7A/7plap2 — Z

be the associated marked stable minima model. We claim that

E=07®0z(2) <= p1,p2 € the same fibre of the second projection X’ — P,

Proof. (=) There exists a (—2)-curve § C X corresponding to the summand Oy of &, i.e.,
corresponding to the surjection & - Oyz. Let I, F5 be the fibre of X — Z over the points
q1, g2 respectively. There is a section u € H(£) ~ H°(Ox(1)) whose divisor is S + Fy + Fb.
None of Dy, Dg can pass through SNF} or SNF, otherwise 2 = deg & = D;-(S+F1+F») > 2,
a contradiction. So if S’ C X’ is the birational transform of S, then S = 0 and py, p2 € S'.
But we can check S’ ~ D}, so S’ N D, = (), hence S’ is a fibre of the second projection
X'=7Z x P! - PL

(<=) Let S’ be the fibre containing p1, p2. Then we can check that S? = —2 where S C X
is the birational transform of S’. So this is possible only if £ = Oz @ Oz(2). O

The claim shows that the points [€,s] € Mz(2,2) with € = Oz @ Oz(2) and cokernel
divisor ¢ + g2 are parametrised by a copy of P.

(2) Now assume coker(s) divisor is non-reduced, say @ = 2q.

Case I: The fibre F over ¢ is a component of both Dy, Dy. Then X = X’ and D, is the
horizontal part of D; (similarly for A).

Case II: I is not a component of D1, Dy, A. Then Dy and Dy are tangent to each other
at some point: indeed if A intersects D at any point, then it also intersects D5 at the same
point because A is the divisor of s; + s3. Then the stable minimal model is obtained as
follows:
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Dy
<
Dy
A~
Dy

\blowdown of F~ and then E™

Dy
A
D,
X
x . f’ p = image of E™

\_/&/—Z\

Case III: F is a component of one of Dy, Ds, A. (Now if F' is a component of two of
Dy, Dy, A, then we are done in Case I). Say F' is a component of D;. Then Ds, A are tangent.
Then the stable minimal model is obtained as follows:

< by
A~
Dy
‘ e Dy
Dy F~

\blowdown of F~ and then E~

Dy
A
D,
X
N . f’ p = image of E~ = F' N D}

\_//_2\
If F is a component of Dy (resp. A), then the picture is similar with p = D) N F’ (resp.
p=ANF).

(3) We consider the fibre of Mz(2,2) — Hilb%. The fibres over points corresponding to
reduced divisors, are P! x P! by Example 7.4. The fibre over a point corresponding to 2q is

May = {[&, 5] € Mz(2,2) | coker(s) div = 2q¢}
which has a stratification as in Theorem 6.1,

ng = Gy U Gs.
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Here Gy is one point corresponding to the case when the fibre F' over ¢ is a component
of both D1 and Dy. On the other hand G5 parametrising the case when D1, Do have no
common component. By the proof of Theorem 6.1, G2 admits a morphism

G2 — Pl
whose fibres are A, This is seen from the process of going from X to X'.

Example 8.2 (Degree two on P!, algebraic treatment).
(1) Then My(2,2) ~ Quot(0%,2) and the latter parametrising embeddings

KCOz®0z

where either
K=0z(-1)®0z(—-1) or K=0z®0z(-2).
Tensoring with Oz(1),
K(1) € 0z(1) @ Oz(1).
In the first case, K can be recovered from
H(Z,K(1)) C H(Z,0z(1) ® Oz(1)) (8.1)
but not in the second case. In any case, the later inclusion gives a birational morphism
g: Quot(0%,2) — Gr(2,4)

and Gr(2,4) C P° is a quadric hypersurface. So we get a diagram

Mz(2,2) (8.2)

rational map

Think of points in Gr(2,4) as (projective) lines in P(V @ S!) where V = H(O%?%) and
St = HO(P',O(¢)). There are three types of lines in P(V @ S1).

(i) P(v ® S1) that generates v ® S* C V ® S* of codimension £ + 1.

(ii) P(V ® f(z,y)) for some linear function f # 0. By change of coordinates, we may

assume f(r,y) = 2. In V ® 5%, it generates (a subspace isomorphic to) V ® S*~1 which
has codimension 2, where its complement space is generated by V ® y*.

(iii) line intersects Segre quadric in 2 points. We may assume it is represented by the
subspace spanned by v; ® x and v ® y (as 2 x 2 matrices). In V ® S¢, it generates a
subspace spanned by v ® zg(x,y), v2a ® xg(z,y), which also has codimension 2, where
its complement space is spanned by v; ® y¢ and vy ® z¢.

Now the non-injective case is (i), i.e., when HY(K(1)) = (v) x St =+ T(V® S') ~V @ St
This happens when HO(IC|k(U>) CHY(V®Oz)=V. That is, K = Oz ® Oz(—2). The point
in Gr(2,4) has no information about the embeddings Oz(—2) < 0% and that can be added
in after tensoring K < 0% by Oz(2) and taking global sections. That will be a subspace

()2 5%+ () CVes?

where (w) is the image of H%(Oz(—2) ® Oz(2)). Note that (w) is a well-defined line in
(V/{(v)) ® S?, i.e., a point of P? ~ P(S?). So the special points of Quot(0%,2) form a
P(S52)-bundle over P(V). Indeed, it is isomorphic to P? x P!; see the calculation below and
also Remark 7.3. So the birational morphism g is blowup of a copy of P! = P(V') [AW93,



34 CAUCHER BIRKAR, JIA JIA, AND ARTAN SHESHMANTI

Corollary 4.11]. Thus the diagram (8.2) is the resolution of indeterminacies of the lower
rational map. It is possible to write down this map explicitly in coordinate.

To compute the normal bundle of P(V) ~ P! < G := Gr(2,V ® S!) explicitly, use the
Pliiker map

G — PP =P(A(V @ Sh))
and A2(V @ S1) = (A?V ® 52) @ (Sym? V ® A2S!). On one hand, the Pliiker coordinates
of P(V) C Gis [0 : 22 : w122 : 2129 : 2 : 0], which is not contained in any plane in G,
where xg, 1 are the homogeneous coordinates of P(V)). On the other hand, a subspace
W C V ® 8! has form v ® S* if and only if the projection from A?W to the first factor
A2V © 8% is zero. The space A%w for [w] € G C P? is the fibre of determinant of the universal
subbundle which is Ops(—1)|¢ = Og(—1). So P(V) C G is the zero locus of a canonical
bundle homomorphism
Og(—1) — Og @ N*V ® S2.
Alternatively it is the zero locus for a section of Og(1) ® A2V ® S? and the normal bundle
is isomorphic to
(Oa(1) ® A’V ® S?)|pv)
which is OP(V)(2)@3, noting that P(V) is a conic in P°.

Since ¢ is a blowup, the canonical divisor of Mz(2,2) is linearly equivalent to ¢* K —2F ~
4g*H|g — 2F, where E is the g-exceptional divisor, H C P? is a hyperplane. Let ¢ C G
be a line that intersects P(V') at a point ¢ (with multiplicity one). By the blowup formula
[Ful98, Theorem 6.7], g*[¢] = [¢] +[L] in the Chow group A;(My(2,2)), where / is the proper
transform of £ and L C P? C My(2,2) is a line in the fibre of g over ¢. Since NE(My(2,2))
is generated by the classes of ¢ and L, Kleiman'’s criterion implies that 4¢* H |z — 2E is ample
and hence Mz(2,2) is Fano; see also [Muk89, Theorem 7.

(2) We calculate the fibres of 7. We need to parametrise quotients
0} — L

with £ of rank zero whose divisor if of degree 2.

First consider the case when L is supported at distinct points g1, ¢2. By Theorem 5.1
and Remark 5.3, such quotients are parametrised by P! x P'. This agrees with the geometric
picture above.

Now consider fibre over 2¢, that is, when L is supported at one point q. By Remark 5.3,
it is enough to parametrise quotients

K[t/(8) & klt]/ (1) — L

where L is a k[t]/{t?)-module of length 2. Such L is either k @ k or k[t]/(t?).
First consider L = k[t]/(t?). A quotient is determined by the choice of

e=ay+bit, h=ay+ bot € k[t]/(t?)
such that either a; # 0 or as # 0. Then kernel of the quotient is
{(f.9) € k[t]/(*) @ k[t]/(*) | fe+ gh =0}
If a; # 0, then e is invertible in k[t]/(¢?), so if (f, g) is in the kernel, then
f=—e"gh,

(f.9) = (—e"'gh,g) = e 'g(—h,e).
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If ag # 0, we can see
(fag) = h_lf(ha —6)-
So in any case the kernel is ((—h, e)), i.e., the submodule generated by (—h,e).
When e is invertible

((=h,e)) = {(=e"h,1))
where
—e Yh = mq + mat

is uniquely determined. Thus such kernels are parametrised by the points of A! x Al with
coordinates my, mso. Similarly, when h is invertible, the corresponding kernel is {(1, —h~!e))
where

—h7le = 1; + Ist.

Such kernels are parametrised by A' x A! with coordinates Iy, lo.
When both e, h are invertible,

((m1+mat, 1)) = (1,11 + l21))
o)
(mq + mat)(I1 + lot) = 1 in k[t]/(t?).
This means the two A' x Al are glued along A\ {0} x A! by the isomorphism
AN\ {0} x AT — AT\ {0} x A!

1 mso
— =, = ).
(m1,ms) (ml’ m%)

The union of the two copies A! x A! under the above isomorphism is a variety mapping
to P! and with fibres A'. This corresponds to the morphism Gy — P! determined in the
geometric discussion above.

Consider

V(zz+y*) CP?

where we consider the coordinates z,, z,u on P3. The points with 2 # 0 are
(1:y:—y*u)

which are parametrised A' x A! with coordinates y,u. And the points with z # 0 are
(=% :y:1:u)

which are parametrised A' x A! with coordinates —y, u. The intersection of the two sets of
points is the set of points with x # 0, z # 0, y # 0 which consists of points
1 1 U
(1:y:—y2:u):<——:—f:1:——)
vy y?
corresponding to an isomorphism from A!\ {0} x A! given by
1 U
(y,u) — (f : ——)
’ y oy

with respect to the coordinates above. So V(xz + y?) consists of the union of two copies of
A' x A! glued by the above isomorphism together with the singular point (0:0:0: 1).
Now consider all the quotients

K[t/(8%) & klt]/ (1) — L
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with L = k @ k. Such a quotient is given by sending (1,0),(0,1) to (a1,b1), (ag,b2) € k>
such that
al a

a2 ] 20

The quotient send ¢ to zero, so it factors through a surjection k£ ® k — L which should be an
isomorphism. So the kernel is (t) & (t) and this is unique.

Finally by Lemma 3.18, all the quotients for L = k[t]/(t?) and L = k & k are parametrised
by a normal surface. And the above discussion shows that this normal surface is isomorphic
to V(zz +y?) when we remove one point from each side. But since both are normal surfaces,
they are isomorphic.

This completes the proof of Theorem 1.4.

9. DEGREE THREE STABLE PAIRS ON CURVES

9.1. Algebraic treatment. Assume Z = P!. We consider sheaf stable pairs (9% — & of
rank 2 and degree 3. Since & is nef, either £ ~ Oz(1) & Oz(2), or £ ~ Oz & Oz(3).

We first focus on the former, which is the generic case. Let M be the moduli space of
stable pairs with &€ = Oz(1) ® Oz(2).

Denote V i= H°(Oz(1) ® Oz(1)), H := H%(det &) ~ H°(Op1(3)), which are both vector
spaces of dimension 4. We claim that there is an injective morphism M — P(H) x P(V).

As in Remark 7.3, a stable map s: 0% — £ = Oz(1) ® Oz(2) is given by

a1 9 i
M —
(51 52) eM
where a; € H(Op1(2)) and 3; € H(Op1(1)) such that its determinant is a non-zero vector
in H = H%det&). Note that
Aut(€) = (Aut(G1) x Aut(Ga)) x Hom(G1,G2) = (K" x k™) x Hom(Oz(1),0z(2))

acts on M by matrix multiplication

(71 @) (Oél a2> _ <’Yloé1 + @b o+ 9052>
0 v2)\bt B Y251 Y252
where ; € k* and ¢ € Hom(Oz(1),0z(2)). We still see that the determinant det M =

a1 f2 — ey is invariant up to scaling of y1y2. View [51 : B2] as an element of V' ~ A*, which
is invariant up to scaling of vo. So there is an induced morphism

M — P(H) X P(V), M — (det M, [,81 : 52])
Assume that 7(M) = 7(M') for some M, M’ € M with
a; / o) o
<51 ﬂ2> o (ﬁi 5,
After multiplying by matrices from Aut(£) we may assume that [ : fo] = [8] : B5]
and det M = det M’. Then we may take v; = 79 = 1. In the case when 3 and 3y are

proportional, let ¢ € Hom(Oz(1),0Oz(2)) be any homomorphism satisfying ¢f1 = o — ai;
in the case when f; and (2 are not proportional, let ¢ = 0 be given by ¢f; = o/, — «; for

J
j=1,2. Then
L e g
<0 1>M_M

and hence 7 is injective.
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Now we turn to the general setting. Note that Mz(2,3) ~ Quot(0%,3) and the latter
parametrising embeddings

K— Oz ® Oy
where either £ = Oz(—1) @ Oz(—2) or K = Oz @& Oz(—3). In both cases,

HO(K(2)) — H°(0z(2) ® 0z(2)) =V & S*

is a 3-dimensional subspace in 6-dimensional vector space, where V = H%(Oz @ Oy) and
St = HY(Ogz(¢)). But K is globally generated only in the first (generic) case.

Assume that EB@ZOSZ ~ k[x,y] as graded modules. For a 3-dimensional subspace W <
V ® S? there is a linear map

WoWw —Ves3, (w1, wa) — wix + way.

The image is expected to be H°(K(3)) and hence of codimension 3 in the 8-dimensional
vector space V ® S3. On the Grassmannian G = Gr(3,6) we have a universal subbundle
S = O ®V ®S? of rank 3, with a morphism 0: S®S — Og ® V ® S2 for which we
like the image of o to have rank 5. By general theory in [Ful98, Chapter 14|, the ezpected
codimension of the degeneracy locus

Ds(o) ={xz € G |rko(z) <5}

in G is 3. By [Ban91, § 4.1|, the degeneracy locus D5(o) has singularities along D4(o). This
corresponds to the case when K = Oz @ Oz(—3). In this case HY(K(2)) = v ® S? for some
vector v € V, which spans H(K) — H%(Oz ® V). The image of W & W — V @ S3 for
W =v® 5% is v® 5% which has dimension 4. To get all of 5-dimensional H°(K(3)) —
H(V ®O(3)) =V ® S? we need to specify an additional line in

VeSS C (Vi) e s

This line is H(Oz(—3) ® Oz(3)) — HY(K(3)), so if Quot(0%, 3) = Quot; o U Quoty 5 then
the map 7: Quot(0%,3) — G is injective on Quot, , and collapses Quotg 3 ~ P? x P! onto
P! = P(V) which is the singular locus of 7(Quot(0%,3)) C Gr(3,6).

If we consider W C V ® S? and want dimazW + yW =5 for zW +yW C V ® S3, then
this means that there exist wy,ws € W such that wix = woy. As W CV ® 52, there exists
v € V®S! such that wy = vy and wy = va. This v € V ® St is unique up to rescaling since
dimzW NyW =1 (as subspaces in V ® S?). Hence, on an open subset of Quot(0%,3), we
take v € V ® S! then construct (vz,vy) in V ® S2, which are always independent vectors,
and complete this to a 3-dimensional subspace W by choosing a line

(w)y CV ® 8%/ (ve,vy).

This is an open subset in a P3-bundle over P3: although each (v), (w) corresponds a point
of P2, occasionally we will end up with dimaW NyW >2in V ® S3.

Suppose dim 2W NyW > 2. Then there exist v1, vy € V®S! such that viz, v1y, vax, vay €
W. But W is 3-dimensional, so Span(viz, v1y) N Span(vex, vey) # 0. This means that there
exists u € V such that uS? C W and thus uS? = W. Such subspaces W are parametrised
by locus (u) € P(V) = P! and their m-preimage in Quot(0%,3) is isomorphic to P? x P!
Since 7~ H(P(V)) is not a divisor on Quot(0%,3), this P(V) =P! C G = Gr(3,6) is singular
in the m-image of Quot(0%, 3).
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9.2. Description the fibre of Hilbert-Chow morphism via equations. Let Z = P!.
Denote by F' be the fibre of 7: Mz(2,3) — Hilb% over 3¢ for some closed point ¢ € Z. We
may assume that ¢ is the origin.

Let t be the local coordinate of the origin in A’ C P'. Then all possible embeddings
K — O% with det £ = Oz(3q) are in bijective correspondence with 3-dimensional subspaces
in

(k[£]/(£°))%2 == M

which are t-invariant; see Section 6.4. There are two types of such submodules N C M with
dim N = 3:

(1) N = k[t]/(t3) as a k[t] module. This is an open subset of F' (of dimension 3) corresponds
to the case when N projects onto a line in M /tM.

(2) N =~ k[t]/(t?) @ k[t]/(t) corresponds to the case when t?M C N C M. This is the
singular set, isomorphic to P!, which is the set of lines in tM /t2M.

Local equations can be written in local coordinates on the Grassmannian Gr(3,M). If
W C M is a 3-dimensional subspace and one chooses a splitting M ~ W @& M /W, then these
subspaces in the neighbourhood of W correspond to graphs of linear maps W — M/W. For
example, W itself corresponds to zero map.

Write M = Span(u, ut, ut?, v, vt,vt?) and choose W = Span(ut,ut? vt?). This corre-
sponds to the Case (2) above and they are all isomorphic. Then M /W ~ Span(u,v,vt). If
we order the basis as (ut, ut?, vt?,u, v, vt) then subspaces near W are spanned by rows of

1 0 0 a b c
01 0 d e f
0 01 g h 1
where the right half of the matrix, i.e.,
a b c
d e f
g h i

is the linear map W — M/W. By assumption, this subspace is ¢-invariant. Denote the
j-th row by R;, 1 < j < 4. Since t(ut + au + bv + cvt) = ut? + aut + bvt + cvt?, we have
tRy = (a,1,¢,0,0,b) and hence tR; = aR; + Ry + cR3. This gives equations

—a?—d—gc=0,
—ab—e— hec =0,
b—ac—f—ci=0.
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Repeat this process, we have the full set of equations on 9 variables:

—a*—d—gc=0, (9.1)
—ab—e—ch=0,

b—ac— f—ci=0, (9.2)
—ad— fg=0,

—bd — fh =0,

e—cd— fi=0,

—ag—gi=0, (9.3)
—bg —hi=0, (9.4)
|h—cg—i* =0. (9.5)

(

In Eq. (9.3) we have g(a+ i) = 0. If g = 0 then Eq. (9.4) gives hi = 0 and from Eq. (9.5)
we obtain h = i?. So both h,i are also zero. Remaining equations then give:

—a*—-d=0, (9.6)
—ab—e =0,

b—ac— f=0,

—ad =0, (9.7)
—bd =0,

\e —cd = 0.

From Egs. (9.6) and (9.7) we have a = d = 0. Then e =0, b = f and c is a free variable.
This gives

(9.8)

S O
O = O
= o O
o OO
o O o
S 0

which is 2-dimensional.
If g # 0 in Eq. (9.3), then i = —a from Eq. (9.3), b = f from Eq. (9.2) and h = —d from
Egs. (9.1) and (9.5). So we are left with variables a, b, ¢, d, e, g and equations

—a?—d—gc=0,
—ab—e+dc=0,
—ad — bg = 0.
Note that d, e can be eliminated from the first two equations while the last one gives
—a(—a* —gc) —bg=0 = a°=g(b—ac)
in A* with coordinates a, b, ¢, g. Finally collect together

b= f h=—d,i=—a,

d=—a®— gc,
e = dc — ab,
which gives matrix
1 00 a b c
01 0 —a’?—gc dc—ab b
0 01 g —d —a
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with relation a® + age = bg. In particular, we can take a = g = d = 0 and that recovers
Eq. (9.8) which we considered above.

Therefore, locally around a single point, the equation of F' can be written as a®> = g(b— ac)
in a, b, ¢, g coordinates which is a cAs-singularity. In particular, F' has canonical singularities.

The calculation above can be generalised to higher dimension.

Proposition 9.1. Let Q,, be the variety of n-dimensional submodules in M,, = (k[t]/{"))®2.

(1) dim@,, = n;

(2) the singular locus Q3™ ~ Q,,_o when n > 2;

(3) the smooth locus Q% = Qp \ Q3™ is an A"~ '-bundle over P!;

(4) if v € Q5 _9 € Qu-2 C Qn, then in some local coordinates around x, @y, is isomorphic
to A2 x (singular surface xy = 2™), which is a higher dimensional cA,_1-singularity.

Now we can give a proof of Theorem 1.5.

Proof of Theorem 1.5. By Theorem 5.1 we can assume Z = P'. And by Remark 5.3 it is
enough to consider the fibre F' of m over 3q.
As in the previous section, it is enough to parametrise all quotients

K[t/(%) & klt]/(t) — L
where L is a k[t]/(t3)-module with length 3. The only possibilities for L are

k[t]/ (%)
E[t]/ (t?) & k.

It is enough to consider the case
L = k[t]/ (%)

as this is the generic case by Remark 5.4. This corresponds to the case when the divisors of
$1, $2 have no common component, that is, 3 =n = m as in Theorem 6.1. Each quotient is
determined by

(1,0) — e

(0,1) — h
and then the kernel of the quotient is the submodule ((—h,€)).

The quotients with e invertible are parametrised by A3 via

(e or h is invertible)

A’ 5 UCF
(m1, ma, m3) — ((m1 + mat + mat? 1)).
Similarly, the quotients with h invertible are parametrised by A? via
A’ »VCF
(11,12, 13) — (1,11 + Iot + I3t2)).
When both e, h are invertible we have

((my + mat +mst®, 1)) = (1,11 + ot + I3t%))

_ <<1,L My m%—gwmstz»
mi my mj
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inducing a birational map

U--»V
1 mog m% — mims
(m17m27m3) ? y 9 3
my1 mj my

which is an isomorphism on points with non-zero first coordinates.
The above birational map induces a birational map

p: X=P--»P =Y

(my :mg :mg :my) — (m%m4 T —mimemy : m§m4 — mimsmy : m?) =(l1:la:13:1y)
where we identify U with points with m4 # 0 and V with l4 # 0.

Define the hyperplanes

A m;=0 and H,: [,=0.
By construction, ¢ gives an isomorphism
X\ (A UAy) — Y\ (H UH,)

and one has ¢? = id. Also we can see that

1

© contracts Ay, A4 and ¢~ contracts Hy, Hy

and no other divisors are contracted. Pick the canonical divisor Ky such that
Ky +Hy+ Hy+ Hs+ Hy =0 (=0 not just ~ 0).

We want to compute
4

o (Ky + 3 H)
1

in terms of Kx and A;. First note that
SO*Hl =24, + A4,
©*Hy = Ay + Ay + Ay,
¢*Hy = Ay + G,
QO*H4 = 3A1,
where G C X is given by m% — myms3 = 0. Moreover,
(p*Ky = Kx +aA; +bAy
where Kx is determined as a Weil divisor by Ky, ¢, and a,b € Z. So
4
0=¢"(Ky + ) Hi) = Kx +aAi +bAs+ 241 + Ay + A1 + A + As + Ay + G + 34,
1
=Kx + (a+6)A1 + Az + (b+3)As + G.
Since deg G = 2 and deg Kx = —4,
4+ (a+6)+1+(B+3)+2=0
hence
(a+6)+(b+3)=1.
On the other hand, (Y, Y1 H;) has lc singularities, so
a+6<1 and b+3<1.

Thus one of a + 6 and b + 3 is zero and the other is one.
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We claim that a + 6 = 0. Assume not. Then
(X, A+ Ay + G)
is lc. But then
(A17 A2|A1 + G|A1)

is lc [KM98, Theorem 5.50] which is not the case, so we have a +6 =0 and b+ 3 =1 as
claimed (note G|4, is a double line). Summarising, we have

4
0" (Ky + > H;)=FKx + A2+ Ay +G. (9.9)
1

Since the construction are symmetric for X, Y, we also have

4
(o™ H*(Kx + ZAz) =Ky +Hy+Hy+ P
1

for some appropriate choices of Kx, Ky where P is a hypersurface of degree two. Let
p: W' — X and q: W' — be a common resolution of X and Y. Then we have

1 1 1 1 1 1
p*(KX + 5141 + Ao + A3 + §A4 + iG) = q*(Ky -+ §H1 + Hs + Hs + §H4 + §P)

Therefore, the log discrepancy a(A1,Y, %Hl + Hy + H3 + %H4 + %P) = % and hence we can
extract A1 from Y by an extremal birational contraction p: W — Y where W is of Fano

type [BZ16, Lemma 4.6]. Then by (9.9) we have a(A;,Y, > ] H;) = 1 and thus
4

4
p(Ky +> H)=EKw+» H
1 1

where ~ denotes birational transform. Moreover,

p*Hl = Hiv + QAT,
p*HQ = H; + A?7
P*HS = Héva

(A5 = Hy and G~ = Hy)

Claim 9.2. The cone of effective divisors of W is generated by Hj;” and A7
Proof of the Claim 9.2. Pick a Weil divisor D > 0 on W. We can write
p*p«D =D + aAT
for some « € Z. Letting 8 = deg p,D and noting p,D ~ SHy, we get
BH +3BAT ~ D+ aA7T.

Then the left side of

(0™ 'e)*(BHY + (38 — a)ATY) = 9" Hy — (p™'p) @AY

<341 — a4y

is pseudo-effective on X which shows
a < 3.

Thus 38 — a > 0 implying the claim. Note that if 8 = 0, then D = —a AT with —a > 0. O
Claim 9.3. The Kodaira dimension «(H}") = 0.
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Proof of the Claim 9.5. Assume not. Then Hj” is movable and there exist e € N and M > 0
such that eH]” ~ M where H}”  Supp M. Then from

p'p«Hy = p*Hy = eHy + 3A7
we get
P peM = M + 3eAT.
So
©*(p«M) = R+ 3eA; for some R > 0.

Moreover, e = deg p. M, so p.M is a hypersurface defined by a polynomial II of degree e.
Thus ¢*(p.M) is given by the polynomial

2 2 3
[I(mimyg, —mymamy, msmg — mimsmg, mj)

of degree 3e. But then R = 0 and ¢*(p.M) = 3eA;.
Since Hy, Hy are the only exceptional divisors of ¢~ and since Hy  Supp p.M, we have
psM = eH;. Thus ¢*p. M = 2eA; + eAy, a contradiction. So we have proved the claim. [

Now run the H;"-MMP and let T" be the resulting model. We can run this MMP as W
is of Fano type. Since W is Q-factorial of Picard number two |[BZ16, Lemma 4.6], T is
Q-factorial of Picard number one as H}” is contracted, given x(Hj;’) = 0. In particular, T" is
a (klt) Fano variety.

By construction, W contains big open subsets of both U and V, i.e., open subset with
complement of codimension > 2:

e for U we use the fact that U --» W contracts no divisor; recall that U\ A; = V' \ Hy
and AT C W,
e for V it is clear as W — Y is a birational morphism.

1

In fact the complement in W of the union the two big open sets contains only one prime
divisor, Hy". Now W --» T' is an isomorphism outside H}” and H}” does not intersect the
mentioned big open sets. Thus T also contains big open subsets of U and V. Moreover, the
complement in 7" of the union of two big open sets, is of codimension > 2.

Therefore T is isomorphic to the fibre F3 of m because both T, F3 are normal varieties
with isomorphic open subsets with codimension > 2 complements. Now since F3 has klt
singularities and Kp, is Cartier by Theorem 1.2 (3), it has canonical singularities, along a
copy of P! as in Section 9.1. O
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